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The structure of the classes of symmetry elements excluded during the subduction of
the representations of SU(2) onto the finite group O* is shown to quantitatively define
the relationship of the coupling algebrae of these two groups. This relationship is
formalized as a quotient algebra. This quotient algebra is realized as 3'-like symbols
which exist whether or not the quotient can be defined as a group. These symbols
distribute the value of a reduced matrix element of SU(2) onto the subduced reduced
matrix elements of O% and are termed Partition Coefficients. Since the structure of
the excluded symmetry classes is independent of the quantization of O%, these
Partition Coefficients can be used to define the values of the matrix elements of O*
without reference to the form of its basis set. Thus, the choice of physical interpre-
tation of the ligand field is unimportant. The strong field, weak field, Russell-Saunders
and jJ coupling models are all unified in terms of the Partition Coefficients and the
31" symbols which are appropriate to the quantization.
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1. Introduction

In recent analyses of the properties of transition metal complexes, the “intermediate field”
model has been introduced to overcome some of the approximationsinherent in both the
weak and strong field treatments [1-3}. While more powerful than either of these limiting
cases, the conventional intermediate field model presents severe computation difficulties
and can obscure the interpretation of the chemical parameters. Some attempts have been
made to overcome these problems. In particular the concepts of vector coupling have been
introduced {1] by extension from either the weak or strong field limits {2, 3] but their
use depends on explicit knowledge of the form of the basis functions. In this work, tech-
niques for calculating intermediate field matrix elements will be derived which depend
only on the transformation properties and not the algebraic form of the symmetry-adapted
eigenvectors of the ligand field.

Traditionally, ligand field models, including the most recent intermediate field formalisms
[1-3], have been derived for the analysis of specific metal complexes or specific point
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groups. This has emphasized the specific properties of particular symmetries and calcula-
tion techniques at the expense of a knowledge of the quantitative relationships between
properties of complexes with different symmetries. Such quantitative relationships are
inherent in any ligand field model which is derived from considerations of symmetry.
These relationships can be specified either in terms of group characteristics, that is the
full character tables, multiplication of representations and reducibility of representations,
or through the behaviour of the vector algebrae which are physical realizations of these
groups, that is the algebrae of the representations of the groups.

The algebraic approach has been used in the development of the two presently available
intermediate field formalisms [1-3] and in many weak field developments [4]. The group
characteristic approach has usually been applied in the strong field limit [5, 6] and for
the cubic groups alone in the weak field {7]. .

Of the two distinct intermediate field models, one is applicable {1] only to Oy and Ty,
defined quantized on C% and S5 respectively. The other [2, 3] yields parameters which are.
specific to each realization of each finite group. Neither of these intermediate formalisms
nor the traditional weak or strong field models permit the correlation of empirical data
between complexes of different symmetries. '

In the traditional treatments, this particular shortcoming has been traced to the lack of
conceptual clarity and standardization in the definition of the Hamiltonian operators
[8-11]. The necessary standardization was achieved by defining the concept of subduction
based on the group characteristics. These concepts are independent of the particular ligand
field model but do not yield the desired quantitative relationships between the defining con-
cepts and physical parameters of the different models. However, such unifying relation-
ships must exist since we have recently shown that the 3I" symbols necessary in a strong
field model can be derived from the algebra of the weak field basis functions {10, 11].
Conversely the complete set of weak field basis functions can be obtained from the
knowledge of a basis set for each J of a single degenerate representation and the 3I"
symbols.

An improved intermediate field formalism is derived in this work through consideration

of the characteristics of group lattices [12]. As is shown in this work, the lattice formalism
can be further quantified to define the relationships of eigenvalues and eigenvector
products between pairs of groups in the lattice. This is done by defining the complementary
groups of subduction and the quantitative formalism is derived using Partition Coefficients
defined as the 31" symbols of the complementary group. These Partition Coefficients which
are independent of the axis of quantization describe the distribution of any reduced matrix
element into the reduced matrix elements of any subgroup in the lattice.

Partition Coefficients defined in this way can be used to describe the relationships
between different realizations of any group and hence between different physical models
of a complex. Thus the initial physical interpretation of the operator and hence the basis
functions is not crucial because the best features of each realization can be used inter-
changeably.

Since all subgroups of 0y, and T4 can be represented in terms of the tensors of Oy and Ty
[4-6] and their associated algebra, the only “intermediate fields” extensively covered will
be those represented by the O3 4 Oy and O3 ¥ T4 lattices of groups.
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2. Theory
2.1. Group Quotients and Algebrae

In conventional ligand field theories the basis functions of a finite point group H can either
be defined as perturbed functions of a more symmetric group G, usually SU(2) in a “weak
field” model, or within the group H representing the environment, the “strong field” model.
Normally, neither classical limit is adequate to fully describe the observables of real com-
plexes. More complete or “intermediate field” solutions are necessary and are classically
derived by a perturbation approach from one of the two limits [1-3]. The characteristics
of the perturbation differ according to the limit employed and are only understood as
algebraic manipulators rather than manifestations of the relationship between the groups

G and H.

The nature of the relationship between G and H can be explored by means of the concept
of group products and quotients.

Within the strong field model Griffith [6] has shown that if the finite groups H and K are
disjoint [12]:

HUK=E 6

that is H and K have no elements in common except the identity (E); their direct product
is another group G:

G=HxRK )]

If the algebrae of / and K and the coupling or 31" coefficients are known for H and K
then the algebra &, having the representations of G as its elements and the 3T symbols of
the point group G can be derived from:

G=Hx A (3)

( J1 Ja J3) (I‘l I, 1’3) (A1 By A3) @
. . . = X
Ji1 72 73)6 \v1 72 v3/H \61 82 83/k

where ['yy; or A;8;,7= 1, 3, are suitably chosen tensor components of # and K.

Indeed this method for obtaining an algebra or 3I" (3+) symbols for new groups from dis-
joined, that is commuting, subgroups is valid for compact and continuous groups [13].
Analogously, algebrae and group properties can be defined for non-commuting subgroups
by formulation of the semi-direct products. This use of direct and semi-direct products to
define the characteristics of the parent group G is usually referred to as the Method of
Induction [14, 15].

This method is of limited usefulness since to define G presumes knowledge of K. In the
present application of lattices built from physically significant chains of groups it is very
difficult to define the complementary group K which may in any case not be unique.
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The desired relationship between G and H can instead by derived by defining their
quotient [16] :

G/H=K 5)
H an invariant (normal, central) subgroup of G.

It is easily shown that if H is an invariant subgroup of G the quotient group G/H must be
disjoint with respect to H. Hence (5) is an exact inverse of (2). The quotient algebra (“¢”
algebra in [17]) and the 3T coefficients of the quotient group K can be defined [17]):

G|H=AH (6)
and
(Jl Jy J3 )/( r,r, F3) (Al Aj A3)
., = 7
JiJ2 73 J\NY1 72 73 81 82 83 )
The algebra J¢ will be a representation algebra of a group if and only if H, the group repre-
sented by the algebra %, is a normal subgroup of G, the group represented by the algebra
9. As pointed out by Coleman [15] however, a quotient algebra &/ is always definable
irregardless of the existence of K. Thus, while the existence of a simply reducible group

G [17] is sufficient to guarantee the existence of the 3T" symbols it is not, however, a
necessary or a minimum [1, 11] condition especially if group lattices are involved. Thus

. Ay Ay A
in Eq. (7) the( 1= 3)symbols for the algebra  can exist even if the quotient G/H
6, &
1 02 03

is not a group.

The quotient of interest is SU(2)/Oj where SU(2) is the group supporting all the integer
and half-integer representations of spin plus orbit angular momentum and O3, is the double
group for an octahedron including spin coordinates. Since all the coupling coefficients

and algebra of O} can be easily derived from O* [6, 11] the system studied is SU(2)/0*.
The O* < T4 isomorphism is used to obtain the SU(2)/T algebra and coefficients in
Appendix B.

2.2. SU(2)/O%; Quotient Algebra and Coefficients

The properties of a group G reduced with respect to a proper subgroup H, not necessarily
a normal subgroup, have been explored by Racah [18] and recently applied to the inter-
mediate [2], strong and weak field formalisms of ligand fields [11]. The central theorem
is:

“A realization of a group G always exists such that its eigenvectors are also eigen-
vectors of H, a proper subgroup of G. This realization of G is then reduced with
respect to H.”

When the algebra & representing G is reduced with respect to H, the elements defining
the vector algebra ¥, that is the eigenvectors of %, also form a basis for the vector algebra
%, that is, they are eigenvectors of S#. However, they are fiot an independent set of
eigenvectors for %, that is, more vectors for 5# are defined than are needed.

Several algebrae of SU(2) reduced with respect to realizations of O with different quanti-
zation axes have been published [5, 11]. Further the algebra of intermediate fields devel-
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oped by Kibler [1] and Kénig [2, 3] is essentially the algebra of an SU(2) or O(3) group
reduced with respect to a particular realization of a finite group [8]. However, Egs. (3, 4,
6, 7) indicate that a quotient algebra approach can profitably be used to describe these
intermediate fields.

It will be shown that a unique quotient algebra can be constructed which is independent

of the realization of G and H. This algebra represents the connection between the minimum
basis set of eigenvectors for # and the minimum basis set of eigenvectors for . Thus,

this particular algebra J quantitatively defines the invariants of the reduction of G onto

H which remains implicit in the earlier treatments [1-3].

The quotient algebra is defined rather than the quotient group since a finite group such as
0% is not an invariant subgroup of a compact and continuous, and therefore infinite, group
such as SU(2). The complementary group K does not therefore exist in this case. However,
several entities, such as coupling coefficients can be defined in the quotient algebra which
strongly suggest group properties.

The following derivation is thus algebraic but several properties will be discussed which
are suggested by group theoretical considerations.

A change in basis function for an algebra will also change the coupling coefficients for the
algebra [6, 17]:

Ji Js J3 )
= J, T JM{ KT, T Jo My
(Fﬁ”f Tyy, Ts7s z 1D WM Ty yp UMy
MIMZME
(8)
Ji Ja Js)

(J5T JM)(
33731 J3M; MTM2M3

where (J;T;y; | J;:M;) are the subduction [8~11] coefficients for the group H using the
notation due to Konig [2].

Ji T, U

In Eq. (8) the( ) are the 3+ symbols for an SU(2) algebra reduced with

ITy: Doy Tays

respect to the group H containing representation I';y;. Their definition is identical to the
F [1, 14] symbols of Kibler. Note that since they are properties of an SU(2) algebra they
must exist regardless of H being a Simply Reducible group, thus removing some difficulties
from their previous interpretation [1]. If proper care is taken in defining the I';y;, they
can be simply related to the intermediate field coupling coefficient [2, 3].

(J1 Ja  J3

Tivi Tavs FaY"ﬁ):(‘l)J‘_Jﬁﬁ [275 + 11 7YX Ty 4202 | 3T s ys)

®

Egs. (8) and (9) show that the “intermediate fields™ as previously developed [1-3], are
simply an algebra of SU(2) which is reduced with respectto a subgroup H. However,
according to (3), (4), (6) and (7) a much more direct relationship is possible.
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2.3. Derivation of Partition Coefficients

According to the Wigner-Eckart theorem and using the notation of Donini ef al. [19]
modified by Eq. (8):

’ Jy £ Ja
(" Tyyy ATy 1) = (- 1)+ ( Tyt Tyve Fz?’z) (T AN )
(10)
and further in a strong field sense
’ I'y Ty T
(T Ty AT gy 11T 3T yad = (= 1) T0*73 (ﬁ v h) U7 T AT 1T, T
(1
Without loss of generality
Ji £ Ja '
Iy Ty I
= (1) @I ( v g 72) (I"J Ty | 4T [1"7,T5) 12)
and by application of Eq. (7):
(it (Jl £ D Z)
P17t Cuvm Dovy ATy IATE "o 7)) (13)
Ty I AU AT
(—I)J(Pl)ﬂf‘(ﬂ, et 72)

Because of the definition of reduced matrix elements, the ratio on the R.H.S. of (13) is a
number dependent on J; and I'; but independent of v;. Defining this number as &, the
Eq. (13) can be written:

(J, £ Iy ) . *(I‘l Ty I‘z)
T, b =AN{-1 P a1 14
DALY Ty Tom =D 7 v T2 (14

Squaring both sides and using the appropriate orthonormalization rules (see Appendix A)
for real 3T symbols yields:

Z (J1 £ Ja )2 .
=N? 15
yF AT Ty Tore (R[Fz]) a3

where A[T%;] is the degeneracy of I';.
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Egs. (14) and (15) thus identify V up to a phase sign with the NV defined as a previously
derived normalization coefficient [11], the V coefficients of Au-Chin ef al. [20, Ib] and
as isoscalar factors [21].

Because of their independence of v; the entities represented by NV are called “Partition
Coefficients” as discussed in Appendix A. They will be shown to have several very useful
properties.

The reduced matrix elements appearing on the R.H.S. of (13) are independent of any
unitary transformation which represents an operation within the subgroup H. Such a trans-
formation does not change the block structure of the SU(2) matrix reduced with respect
to H but can change the individual entries within the block. These matrix elements are

the 3" symbols. The reduced matrix elements for # will not be changed by any unitary
transformation which leaves SU(2) reduced with respect to H. Only the subduction
coefficients and hence the 3I" symbols can change.

The relation between different realizations for any group can be expressed as a unitary
transformation employing appropriately chosen rotations [6, 22]. Therefore, the value
of N is independent of arbitrary choices such as reference axes for the coordinate systems
of H and the reference operator of “quantization” of 5 [8, 11, 19].

The description of the properties of subgroups of Oy and T’ in different physically signifi-
cant chains requires different realizations of O} or T from SU(2). The proven invariance
of the Partition Coefficients allows a unique set to be defined for all quantizations of O
and T.

A derivation of the normalization and permutation properties of these Partition Coef-
ficients is presented in Appendix A. Since these coefficients are only dependent on J;,

I'; and since their properties strongly resemble the 35 or 3I" symbols they will henceforth
be denoted by

(J1 Jy Js3
ry I s)

Following from the Wigner-Eckart theorem or seen as a consequence of Racah’s Lemma
[23], Eq. (8) may now be rewritten as:

Ji Ty s Ji1 Jo J3\ [Ty Ty I
* = . # (16)
Fiv1 Tavz Tars Ly T T3/ \vi 72 73
in terms of Partition Coefficients and 3" symbols. Similarly (13) can be rewritten as:
(Jl A )/(Jl Js 13) <F1 T, F3\)
= 17
T'y7t T2y Tsvs//\y Ty T3 \0T 12 73 7

and the strict relationship between the Partition Coefficient and the 3T(3+) symbols of a
quotient group is now apparent by simply comparing (4) and (7) with (16) and (17).
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2.4. Calculation of Partition Coefficients

The expansion of the L.H.S. of (10) in terms of 3+ symbols is used to calculate the
Partition Coefficients, i.e.:

J J J
(‘1)J1+’YT( ! 2 3 )
(Jl Ja Ja) I17T Tava Tay

1 T2 T r, T, T
7T 72 73)

(_I)J(F1)+'Yf (

Jy J
Z DM Dy T MO Ty y2 | T Mo YD vs | T3 M) (Jl 2 /3 )
M M M, M;F 1‘4'2 M3

ry &y Fs)

(—1 J(rl)+7;k(
=D YT Y2 73

(18
This definition differs from the F symbols of Kibler [1b} by the phase factors depending
on (J; —M,) and (T'; +v}). In the ¥ coefficients [20], the phases of Ty and T, are
identical rather than depending on J(I';). In both cases these signs appear in the reduced
matrix element of the strong field. Since all phase signs are explicitly included in the
present definition (18), the relationship between the finite group and infinite group reduced
matrix element is defined as:

Ji £ ‘
all &0 I, Ty Ty = (/i |I£T 17210 (19)

with no phase factors.

Substituting for (19) in (11), the basic equation for application of the 3I" symbols and
Partition Coefficients is obtained:

e (T T T2\ (75 £
n i =(-1 J(Ty )+ § X
AT Ty ATy |17, Ta 20 = (1) ! Y vz 1)\, Ty T

X1 £ 11T (20)

Since the Partition Coefficients and the Reduced Matrix Elements (R M.E.) are indepen-
dent of the realization of H, the only difference between different realizations and quanti-
zations is held in the 3T symbols. Tables of 3T or coupling coefficients defined with
respect to the most useful realization and quantization are available [5, 10, 11, 24]. How-
ever, great care must be taken since only two [10, 11] employ a sign convention com-
patible with the present derivation of Partition Coefficients.

One of the major drawbacks encountered in the strong field formalism is the difficulty in
calculating the Reduced Matrix Element. Eqs. (19) and (20) relieve this difficulty by
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solving the finite group R.M.E. in terms of the R M.E. occurring in SU(2) or (R 3) and
permit the use of the excellent tabulations of Nielson and Koster {26] .

Partition Coefficients are intended for use in equations such as (19) and (20). Since
several restrictions can be imposed upon the nature of the crystal field Hamiltonian
£Tw1 Yar»> only Partition Coefficients containing allowed AT,y have been calculated.
The restrictions imposed on £y, in the case of d = d or £~ f transition are:

l.£evenand <6 [8, 19, 24],
2.1y either 4, F or T, [8-11].

E.P.R. results and magnetic susceptibilities can also be calculated by these methods
[1-3]. To allow for such calculations, the Partition Coefficients for #= 1, I'= T, (the
electric or magnetic tensor in Q) or I' = T, (the electric tensor in Ty, see Appendix B),
have also been calculated. Similarly the £=0, T';; = A, case has been included as it
represents a convenient bench-mark for accuracy as well as being of use in spin-orbit
coupling calculations. Notwithstanding Egs. (19) and (20), Egs. (8), (16) and (17) imply
a much greater applicability of Partition Coefficients. Care, however, must be taken with
regard to phase factors when applications other than those suggested by (18) and (19)
are envisaged.

3. Applications of Partition Coefficients
3.1. Group Lattices [12]

The quantum numbers chosen to represent a particular wave function and indeed the form
of the basis set used to define the properties of a system depend on various assumptions
about the relative importance of various effects, such as inter-electronic repulsion (LLE.R.),
spin-orbit coupling (A g ) and the crystal field (V¢ r.). Each possible arrangement corre-
sponds to a particular [12] realization of the groups in the chain from (O(3))", the group
of N electrons in O(3), to G, the group describing the physical environment. A diagram
showing several such possible choices is called a lattice diagram [12]. These choices do not
affect the final eigenvalue if all possible interactions between different elements of the basis
set are taken into account. The different choices, however, do affect the form of the basis
set and also the way various interactions are calculated with respect to the chosen basis set.

The formalism of intermediate fields and their attendant Partition Coefficients offer
a single method of calculation for all elements in the lattice. Consider, for example, the
case for a d® ion in a D4, field; the Hamiltonian is:

2

H= HoxI+ > — |xI+ 3 LS+ HOp) xI+ HD3q) I (1)
i<y i '

where all operators are written as products of orbital and spin terms. The individual parts

of the Hamiltonian can be identified as:

1= Identity for the Simpletic Unitary Group, SU(2) (Spin Group).
Ho = Hydrogenic Hamiltonian.
2

e . R
— = Inter-electronic repulsion
< i
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Fig. 1. The lattice of groups and supporting wave functions for the
SU(2) ¢ D% chains of groups. x = semidirect product of groups
(ordered pairs), [X] = direct product of groups, [G] =Nth direct pro-
duct of G with itself which is a group that represents NV identical par-
ticles in an environment of symmetry &

ZL - §;= Spin-orbit coupling.
H

H(0,,) = Hamiltonian for an octahedral Oy, field.
H(D3 ;) = Hamiltonian for a trigonal D3, field.

The lattice thus generated is displayed in Fig. 1.

Fig. 2 is a possible correlation diagram for N = 1. This correlation diagram is obtained by
simply inverting relative order of application of the crystal field and spin-orbit coupling
operators and therefore is a Russell-Saunders to j-7 coupling correlation diagram. Other
such diagrams can be obtained by inverting the relative order of inter-electronic repulsion
and the crystal field in a many-electron atom giving rise to a strong field (crystal field
strongest) to weak field (I.E.R. strongest) correlation diagram. The final solution will
always be contained in the column headed ['(D%4) and the eigenvalues obtained are inde-
pendent of the route used in obtaining them, if a complete calculation is undertaken. Thus
the choice of route is a matter of convenience.

3.2. Alternate Formulae for Application

The number of practical realizations of the basis functions of finite groups is quite limited.
One choice is through the left part of the lattice in Fig. 2. This route is useful if spin-orbit
coupling is not important and no E.P.R. or magnetic susceptibility data are to be fitted.

In this approach the basis set at the [0(3)] " x [SU(2)]? level is of form |1"L, S, My, Mg).
Since all subgroups of Oy, are solved in terms of O, tensors the proper form for the basis
set of [0, 1V x [SU2)]Y is:

lln: L’ S: F171>Ms>

where I'y7y, are a representation I'; and component v; derived from L in the group Oy,.
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Fig. 2. Correlation diagram of the Russell-Saunders and /- formalisms
ina d'D%, system
The matrix elements due to the crystal field in the case of a D34 symmetry are of form:

(I", L, S, Tyy, Mg| DQ44 0 + DS2T,0 + DTAT,01"L’, §', U}y}, Mg)

Ty 4, TY\(L 4 L
=SSS"5MSM;S,[{(—~1)J(PI)+'YI( ; ! f)( ’)DQ
v 0 wm/\I A T

I, 7, I‘,')(L 4 1

+(=1)T(FD+67 ( )DT}(Z"LIMMZ"L')

w0 wm/\Ii T, Iy
0T, N/ 2 L
* p:3 nr't
+(~1)7 D] w0 2\ DSUPLE2 7L )] 22)

where 44 1 0 means the O component of 4; from the L = 4 spherical harmonics and
similarly for 27,0 and 47, 0; D@, DS, DT are the empirical parameters which are varied

T Ay Ty
to fit the experimental data; and (7* 0 )are the 3I" symbols defined with respect to
! i

the appropriate quantization system (C3 in this case), {(I"L || £ |I"L’) £= 2, 4 are the
reduced matrix elements, which are available in tabular form [26].

Eq. (21} can be solved without knowledge of the particular linear combinations of H and
M, giving rise to the | I}y,) functions. All of the information necessary is contained in
the 3T and Partition Coefficients.

If spin-orbit coupling is to be calculated and E.P.R. and magnetic susceptibility data are
to be fitted it is much more convenient to operate on the group [12] [0(3)Y @ [SU(2)]Y
in which [X] implies an inner subdirect product, represented by a basis set of form:

1", L,8,J,M) (23)
which when adapted to the [0,]1 Y ® [0%]% group supports a basis set of type:

"L, 8,7, Tyyp) (24)
This alternative is represented by the L.H.S. of Figs. 1 and 2.
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Since the spin-orbit coupling matrix elements are independent of M and since the [yy; of
Eq. (24) are simply orthonormal linear combinations of M in Eq. (23), the matrix elements
of a basis of form (24) are identical to those of form (23) and are therefore well known [23,
27, 28] . The formula will be reported for completeness but it does not involve partition
coefficients:

™ o, L,S,J,M\¢L-S|1", &, L',8", T, M"
=" o, L,S,J, TyysINL- S1I%, o, L', 8", J Tyyp)

S L J
_ . .. y e f1y-L=8 1/2
=£87,7 Sarmr Sy vy (C1) [+ D@+ 1] (L' S’ 1)

an e, LS| VH ", o L,S) (25)
where the (JPLS 1| VI ||I7L'S’) are the reduced matrix elements [26].

Since ligand field Hamiltonians only act on L and M, some difficulty arises in calculating
this effect on the JM basis. The problem has, however, been solved {28, 29] and application
of the same techniques on the present case yields:
(ln, a, La S, Ja FJ'YJ"Q FHTH | ln, OL', L,, S',J', F}'Y})
. C Ly Ty Ty
P (__1)J(fj)+'¥J+S+;€—L—2L —J-J [ + 1)(2]’ +1)] 172 <

v e Y

(J £ J') (LJ S) p
: . A" e, L SICHI o L', S) 26
Ty Tuly \J' L4 I (26)

LJ S

where the( ' )are the 6+ symbols [30].

If the interactions of the basis set under either the magnetic (7 in Oy) or electronic (T
in 0,) dipole operators are needed, the development by Gerloch [28] can be modified
appropriately. :

Using Ty to signify either T4 or Ty, as necessary:
" o, L,S,J, Dy 17,0107, o, L', S, J', Tyyy)

(T Ty Iy

=Dy 0 4 I @7

P, =CY=(T,0) (28)
and
1 1 7 7 ¥ r
<lna OC,L, S,J, PJ'YJ 1(% (_(T11)+(T1 - 1))) ln: OZ,L :S ,J, I‘J'YJ>
(_I)J(rmﬁ{(r, T, F}) (Pj T, r‘}”
= - ) (29)
V2 7o)\ g
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where in the case of three and four-fold quantized systems:

L

T+ (T = 1) = == (-CL+ €T = s Py 30)

V2 V2
for two-fold systems:
1 - .
(T11-)=—=(C1 - CTY) = —fiy, Py (3D

V2

and hence appropriate changes are made in (28).

In (27), (29) and (30) u stands for the magnetic dipole operator while P, is the electric
dipole operator.

In the case of magnetic susceptibilities, the operator is g, or (I + 25) in the more usual
Zeeman operator form. Hence the factor [x] of Eqs.(27) and (29) becomes:

[x] =(j : J’)[(ZI+I)(21'+1)] 12 [[L(L+1)(2L+l)] 2
Ty Ty T

(J 1J!)+2 S(S+1 2s+1)]”2(J : J” (32)
g g o) PSS SLS

the preceding is a reduced matrix element in two parts; one pertaining to L operating on
the orbital part of the wave function and the other representing 25 operating on the spin
part of the wave function.

A different definition of [x] is necessary for the calculation of E.P.R. results and can be
easily derived [1].

A third method of calculation does exist and is represented in Fig. 1 by the diagonal line
connecting [12] [0,J7] x [SUY to [0,]1Y x [OF1V. Tt requires a basis set of the
form:

[1%, 0, L, T, 8, T, J, Tyyp (33)

and has been employed by Koniger al. {2, 3].

The application of Partition Coefficients to these bases illustrates a different use from the
one suggested by their derivation. The Partition Coefficients are used in a way strongly
reminiscent of coupling coefficients and thus fllustrate even more vividly the connections
between Partition Coefficients and 34 coupling symbols of a quotient group.

The ligand field operator (21) acting only on the | LM, ) functions (33) can be written as
Hy, x I when [ is the identity of the group SU(2). In terms of tensors coupled to a [JTyy;?
the operator is;

|LeTrr SuThs, JuTuyyrs =144, 04 ,4J4,0|

AA{ =4, for L = £, operating on LM; only

04; =4, for L = 0, operating on SMyg only (Identity of SU(3)).
£JA4,0=A4, for J = £, operating on J

(39
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and hence a matrix element has the form:

(1", 0, LTy, ST, JTyyy | 441, 04, kJA, 0117, &/, L'T}, S'T4, JTy)

=(_1)J(I‘J)+’ij(£ ° k)(%ﬂ)(!‘ § ")(NH)(L' s f’)(zf’ﬂ)

A, 4, A;) NA \1, Tg T,/ M1 \Tz s T7) AT
. <zn3 aSL’ S"]“£5 O’ énln’ a” L'ﬂ S,SJ,> (35)
But from Eq. (A1.10):
£ 0 £ +1
41 Ay A4 AA,]

Under this condition the R.H.S. of Eq. (35) becomes:

= (1) TD*T [7+ DS + 1] 1/2(L s J )(L s J )
7\[1“]])\[1-‘}] FL I“S FJ FI,4 FS' F}

(I‘J £ T

, n nor ot oal gt

Ys 0 7])([ ’a’L’S"]”’éﬂo"nﬁ”l ;asL9S3J) (37)
and the reduced matrix element (I, a, L, S, J || £, 0, £|}I", &/, L', 8',J") can be solved
using Eq. (26).

4, Conclusion

Application of the appropriate equation makes it possible to solve all the different branches
of a lattice diagram [12] (Fig. 1) in terms of a single formalism involving Partition Coef-
ficients, 31" symbols [10, 11], 6+ symbols [30] and reduced matrix elements [26].

Within the formalism developed in this paper it is not necessary to know the actual form
of the wave function. Lengthy tabulations of subduction coefficients become obsolete

[5, 10, 11, 19, 24] and are replaced by the knowledge of the appropriate 3I" symbols

[10, 11] or equivalent entities [5, 6, 24] and Partition Coefficients. Further correlation
tables [12] such as in Fig. 2 can now be obtained quantitatively. Different branches of
these correlation tables correspond to a different quantization of the eigenfunctions yield-
ing the desired eigenvalues. Thus all the various aspects of classical crystal fields such as
strong and weak field approximations and the Russell-Saunders and /- coupling models
have been united in terms of a covering formalism relying on the existence of a quotient
algebra K.

Egs. (25-31) in particular have been used to calculate the characteristics of spectra of
tetrahedral Co [31] and thombohedral Eu®* [32] complexes with a considerable reduction
of computer time and space [19].

All the calculations necessary to calculate Partition Coefficients and interaction matrices
have been accomplished on a 32K, 16 bit word mini-computer. Even greater savings of
space and time can be achieved when magnetic properties are to be investigated [33].
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The formalism and properties of Partition Coefficients when coupled to the concepts of
Normalized Spherical Harmonic (N.S.H.) Hamiltonians [8, 9], physically significant
chains of groups [8-10] and sequence adapted wave functions [8-11, 34] concludes
exploration of group theoretical techniques aimed at obtaining linearly independent,
mutually orthogonal [35] Hamiltonians which can be used to obtain useful chemical
information [4, 5, 19] from complexes of symmetry lower than Oy, and T. The outstand-
ing problem is the understanding of the meaning of the empirical parameters DQ, DS, B,

C and A. Quotient groups techniques can be used in this latter context [13, 37-39] and
are being actively investigated with the intent to obtain an a priori estimate for the

various empirical parameters of crystal fields.

Appendix A. Properties of Partition Coefficients
A.l. Orthonormalization Properties

Substituting the Partition Coefficient notation for N in (14) yields;

Jy J2 I3\ (T, Ty T
) Yi Y2 73 (ALD)

All the entities are real numbers and can therefore be squared to obtain;
(J1 J,  J3 ) 2 (Jl Jy J3 )2 (n I, I‘3)2
= Al.2
T Tave Ts7s Iy 0 D3 \vf 72 7s (AL2)
Written in a more usual form and summed over v, 7y, (A1.2) yields;

Z (Jl J2 J3 ) (Jl Jz J3 )
172 \L177 T2v2 D373/ \TivT Tava Tivs

(J1 Ja J3)<J1 Ta 13)(r1 r, F3)(1"1 r, 1“3)
= Al2
Z T, T, T3 /AT, D, T3/ A\ v 13\ i s (412)

Y172

(—1)J1+7T(]1 . Ja J3 )2(__1)_](["1)+'y’f<
[yv1 Tava Tars oy

However, the Partition Coefficients are independent of 4%, v,, v5 and therefore the
summation on the R.H.S. of (A1.3) only affects the 31" symbols and is in fact the ortho-
normalization condition for 3I" symbols. Thus;

2(11 Jy  J3 )(h Jy  Js )_ 1 (Jl 2 J3>(=’1 Ja Js)
FFATIYT Tava Tavs/\Tivf Ty, Tyys/ My T, D3/\Dy Ty Ty

(Al.4)

where A[I'3] = degeneracy of I'5. This is Eq. (15) of the main text.

The symbols for the intermediate fields are the 3 symbols of an SU(2) group which is
defined to be reduced with respect to its subgroup O [11]. The relationship between these
3+ symbols and the standard 3-f symbols is a unitary transformation. The subduction coef-
ficients {J;Tyy; | J;M;) of (8) are the individual matrix elements of the unitary transforma-
tion matrix. However, multiplication by a unitary matrix does not effect orthonormaliza-
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tion properties of a matrix or its eigenvectors and therefore
2
Jl J2 J3 2 - Jl J2 J3 = 1
( . - 2, (U, +1) (AL5)
I A S M Fim F272 F373 M, M, M;k My Ms

Summation of (A1.4) over I'y 'y yields;

L o T\ Jy Ty J5\?
Iyt Tove Tays) AT 2 Lo (AL6)
Ly, Ty, V171 2272 2313 (T3] g, M 12 85
which when substituted with (A1.5) yields
JiJ2 T3\ T
( ) - _MIs] (AL7)
F\ly Tz Ty) 25+ 1)

This last equation is an orthonormalization relationship very similar to those for 3+ or
3T symbols. It is also suggests that a “coupling coefficient” can be defined for the Parti-
tion Coefficient and indeed if (8) is restated in terms of coupling coefficients rather than
3-f symbols then it follows that

(J1 Ja J3

Fl Fg P3

= (1)1 —I(T) _.Z\_LI_‘Q}__ o (ST, Ja T |30y
1) L+ D 1T, J2To 75T (AL.8)

Another orthonormalization condition is defined for 3+ or 31" symbols. This condition can
be extended to the intermediate Field 3+ symbols

Jy J2 3 )2
=1

Ty Ja T3\
2 (2J3t1) = 3 (3 +1
3 @73+1) 't Taya T3

Sy, My M’f _]W2 M3 J3, 03

(A1.9)

A realization of H such that a specific I'; v, X I'; 7, only yields one I'37y3 is always possible
[40]. In this particular realization the summation of I'3y3 in the R.H.S. of (A1.9) is
redundant just as the summation over M3 of the L.H.S. is redundant because of the condi-
tion M + M, = —Ms. Thus for this particular realization labelled P

<1 v 2 v 3 Jl J2 43 )
A1.9B
( )

2
205 +1 =2(2/5+1
;ja( 3 )(M‘f M, Ms) %( 3 )(TﬂT a2 T37s

The Partition Coefficients are independent of the realizations of H and therefore all the
properties proved by using this particular realization are of general validity.

Since [1];

Z 1 (Fl T, I‘3)2
Alls] YT Y2 Y3 -1

Ty
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it follows that;

(I‘l r, I‘3)2
=l
YT 72 73 )p [Ts]

and therefore in this particular realization, and no other, (A1.2) is;
Jy Jp T3\? (I T2 T3V
( r, I, Fg) =(F1ﬂ= Pavs FE'Y:-})P MI]
and, by analogy to (A1.9B);
Jy Iy J5\?

275 +1 = 2J5+1 Al
%( 31 'y Iy Ty %( 3D T'1y] Tavz Tavs/e (s

Transposing the A[I'3] and applying the particular orthonormalization (A1.9B) yields the
desired result:

2
(2.73+1)("'1 /2 "3) -

Al.10
A5 \Iy T2 T ( )

Js

Eqgs. (A1.7) (A1.9) (A1.10) have been derived previously with regard to O quantized on
the four-fold axis, by different methods [20] . These equations, together with Eq. (A1.8),
clearly show the strict parallelism between the Partition Coefficients and the 3 and 3T
symbols.

A.2. Root Weight

The orthonormalization condition (A1.10) can be used to reveal the strict relationship
between the 3-f symbol of SU(2) reduced with respect to a particular realization # of H
and the 3T symbols of #. To do so (A1.2) is suitably modified by multiplication of
appropriate factors and summation on both the left- and right-hand sides

2 2

z (2J3+1)(-’1 Iy I3 ) _2(213+1) (fl 2 Js) <F1 ) F3>
<~ All5] 17T Tava Tavs < A, \ Ty Ty T Y o s
3

since the 3I" symbols are independent of J;;

JI J2 J3 )2 (FI PZ F3) (2.] + 1)
275+ 1 = Al 3
;'23( > )(FHT 272 Tava (] 1T 72 73 z

Ji Ty J5\?
“\ry 1y I3
Application of (A1.10) then yields;

(Jl J, T )2 (rl I, F3Y
275+ 1 =\l Al.11
%( 37D I'ivf Tave Ta7a [T] Y v 13 ( )
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which, by application of the relationships between coupling coefficients on 3+ [27] and
3r' [10, 11] symboals, is reduced to;

; (L2171, JoTa 2 13 T37v3)? =(Ty v, T2 I Tays)? (AL.12)
3

Since the R.H.S. of the last equation is independent of J values it is clearly a property of the
algebra of H only and is independent of the coupling in SU(2).

Egs. (A1.11 and 12) provide a way to derive the absolute magnitude of the 3I" symbols
from the 3+ of the reduced SU(2). This technique offers several advantages over an alter-
nate method [10]. Both of these methods have been used recently [11] to derive exten-
sive sets of 3I" symbols for Oy, and T; realized with respect to several different quantizing
conditions.

Egs. (A1.11 and 12) can be interpreted as a definition of the Root Weight of the coupling
I';v1 x Ty, to yield I'3y5 in a realization # of H embedded in a SU(2) space. Even
though these equations are independent of the Partition Coefficients, a clear understanding
of the properties of the Partition Coefficients is necessary to derive (A1.11, 12).

A.3. Permutation Properties and Existence

The permutation properties are easily derived from (18) and the individual permutation
properties of the 3+ and 3T symbols. Thus using the notation of (7) for the 3I" symbols;

Jy Jy -73)
P

A
(_1)J1+J(P1) C Do T =(_1)J1+2Jz+]3+J(F1)+ZJ(F2)+J(F3)
1 12 13

(A1.13)

The properties can be used to produce many of the zeros appearing in the tables of Ref.
[20]. Any Partition Coefficient containing two or more identical columns cannot exist
unless it is even under permutation. Thus coefficients such as;

3 2 2) (4 2 2) (3 3 3)
N d
T, T, Ty T, T, T, o T, T, T,

3 3 2

all vanish. Additional zeros such as ( \) appear because of the properties of A

I, T, E

332

or SU(2); in this case the ( ) 3+ symbol is “accidentally” [27] zero.

220

A.4. Partition Properties

Suitable manipulation of (13) yields;
(J 1 £ I

1"1 I‘H 1_‘2) <an1“ £”an2>=<an1F1“£FH“an2F2)
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which can be transformed to;

2
IAVEA
) TN I = 5 Ty, Tyl ATl I, Ty, Ty
I.T, Fl Fz r.r,

Since {I"J || £111™7) is independent of T'y and '3 applying orthonormalization (A1.7)
and transposing yields:

A TN 1T 2 = Z M(f%rluérguz%rz}? (Al.14)

i, Gkt 1)
This justifies the name “Partition Coefficients” since it is clear from (A1.14) that these
coefficients describe the way a Reduced Matrix Element (I"J, || £|11"J,) of SU(2) distsi-
butes (partitions) itself over all the possible (I"J, I'; 14T 111”7, T, ) Reduced Matrix
Elements of H.

Appendix B. O to Ty Isomorphism

It is well known that when O and T4 are both embedded in an SU(2) or Oy, space there
exists realization for the eigenvectors of O which are also eigenvectors of Ty [18]. The
defining characteristic of this family of realizations is that the I'; representations of O
do not mix the g or u (even or odd) characters of the Oy, (SU(2)) representations from
which they are subduced.

If these conditions are satisfied, the O vectors are still implicitly g and u in character and
the mapping from O to T4 then is [42];

Representation of O Representation of Ty

T —> I}

Ui —> I

Except for;

A ——— A, (B1.1)
Ay — 4,

Tlu > T2

T — T

Since, in a ligand field problem, wave functions of odd and even type are never mixed with
each other, application of the mapping (B1.1) will allow the Partition Coefficients for T}y
to be read from the table of Partition Coefficients of O.

Appendix C. Tables of Partition Coefficients
C. 1. Organization

Egs. (19) and (20) form the basis for the typical use of the Partition Coefficients. As pre-
viously discussed in Sect. 6 only limited ranges of values for I'y; and £ are of interest.
Further since £ is always an integer in all operators of importance, the wave functions are
either both integer or both half-integer. For these reasons the table of Partition Coefficients
catalogued with respect to I'y, 4, integer or half-integer wave functions. Further J, will

J1 £ J,
always be smaller than J, in .
Iy Ty Ty
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5 4 4

Thus if the Partition Coefficient ( ) is desired, first note that from Eq. (A1.13);

T, 4, Ty

(5 4 4) , 4 4 5 4 4 5
1)t = (_])3E+8+A+1 0+ ) -
DN\ 4y 1) 7Y oA, 1) "\ 4T

and the Partition Coefficients in standard form will then be found in the table named;
£=4, Ty =A,. The first three columns contain the J; values and the second three contain
the representations in the group O. The value of the square of the Coefficient appears in
the last two columns as a rationalized fraction NUM#=2/DEN#%2.

(4 4 5)_ N3 (5 4 4)
T, A, T, DEN#%2 T, A4, Ty
Note that the sign is associated with the square root and not the values actually given in

the tables. Only integer Partition Coefficients are published. Analogous tables for half-
integers are available from the authors.

C.2. Characteristics

These tables were obtained by solving Eq. (18) in double precision. The wave functions
and 3T symbols needed were obtained from a recent set of tabulations [11] which were
also derived in double precision. Because they are already well known and thus much
easier to cross-check, the four-fold realization of both the subduction coefficients and the
3I" symbols were employed. The Partition Coefficients were obtained as the rational form
of their square using the previously reported techniques [11].

The manuscript tables were formated and printed directly from computer files to minimize
the possibility of transcription errors.
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2 3 HAMILTONIAN REP = E

K= A 3 HAMILTONIAN REP = E

t J2 J3 REP! REP2 REP3 NUM%x2  DEN#*2 J Je 4 REP] REP2 REP3 NUM¥%2  DEN%x2
5 2 1 T2 E BTI -3 91 Tl T 49 9990
5 2 7 T2 E AT2 72 1891 T1 T2 169 2319
é 2 6 Al E E 4 Ti8 T2 T1 -3 22
6 2 6 A2 E E 4 91 T2 T2 -1 462
6 2 6 E E al a 715 A2 E 8 429
6 2 6 E E A2 -4 91 T AT) -25 1261
6 2 6 E E E -288 5885 11 BT1 -49 715
6 2 & T1 E T -6 500S Ti T2 1 715
[} 2 [} T E AT2 ~27 1881 T2 ATl 8B 1ge1
[ 2 6 Tl E BT2 -3 455 T2 BT1 -4 143
6 2 6 AT2 E T1 27 1901 T2 T2 -1 1287
6 2 6 BT2 E T1 3 455 Az E 16 429
6 2 3 AT2 E AT2 -30 1081 T1 T1 ~5 143
[ 2 6 BTR E BTZ2 66 45% T AT2 8 143
6 2 7 a1 E E 11 26@ T T -1 143
[3 2 7 A2 E E -9 364 T2 AT2  -125 2574
6 2 7 E E a2 -1 35 T2 BT2 1 26
6 2 7 E E E 11 91p A2 E 2 65
6 2 7 T E BT1 =-33 455 T1 AT} -175 5548
6 2 1 T1 E AT2 s 728 T1 BT 1 156
6 2 7 Tl E BT2 -1l 280 T1 AT2 8 143
[ 2 7 AT2 E AT} t 26 T2 AT1 -7 718
6 2 7 AT2 E BT} -33 728 TO BTI1 -3 65
6 2 7 BT2 E BT! 3 3648 T2 AT2 gl 5728
) 2 7 AT2 E ATZ2 -9 364 T2 BT2 -1 4p
6 e 7 BT2 E BT2 9 140 Al E -k 3861
7 2 7 A2 E E 44 1785 E al -l 3861
7 2 7 E E AZ -44 1785 E E as57 3769
7 2 7 E E E -32 23205 T1 Tl -35 2574
7 2 7 ATl E AT] 56 11085 T1 T2 15 286
7 2 7 BT) E BT! 8 7735 T2 T1 -15 286
7 2 7 ATl E AT2 -81 1185 T2 T2 118 17809
7 2 7 BT} E AT2 -165 6188 Al E 8 143
k] 2 7 BT1 E BT2 -27 2380 T) AT) 7 1287
7 2 7 AT2 E AT) 81 1185 T BT1 -5 143
7 2 7 AT2 E BT 165 6188 T1 T -5 143
7 2 7 BT2 E BTI 27 238¢ T2 ATt -4 429
7 2 7 AT2 E AT2 ~242 7735

7 2 7 BT2 E BT2 26 595

Ks 4 3 HAMILTONIAN REP = E T T s 143
1 Je  J3 REP] REP2 REP3 NUM##%2 DEN**2 T1 aTe -2 143
4 4 4 Al E E -2 ° Ti BT2 -2 65
1 4 3 T1 E TI -5 63 7o 11 .21 715
4 a 3 Tl E T2 ! 7 TS aTe 7 858
1 4 a 1 E T! -7 4s re BTS2 7 298
1 4 4 Tl E T2 1 15 Al E -1 39
1 4 5 T} E ATl -25 396 E a2 7 165
1 4 5 T1 E BTI 7 22¢ T ATI -7 51489
1 4 5 Ti E T2 7 55 n BT1 5 3to
2 4 2 E E E 2 21 T1 aT2 o 2860
2 4 2 T2 E T2 8 63 11 BT2 1 20
2 4 3 E E A2 -8 105 T2 aT1 98 2145
2 4 3 T2 E T -1 7 T2 AT2  -128 120987
2 4 3 T2 E T2 1 315 T2 BT2 -7 228
2 4 4 E E al 8 99 E E -10 429
2 4 a E E E 64 3265 AT1 ATl _s 286
2 4 4 Te E TI 1 55 AT1 BT1 v 286
2 4 4 T2 E T2 n 105 BT1 AT1 " 286
2 a 5 E E F -1 165 BT1 BTI 5 286
2 a s T2 E ATS 1 22 AT T2 -7 286
2 a 5 T2 E BTI 7 118 BT1 T2 5 286
2 4 5 T2 E T2 -14 495 T2 ATl 7 286
2 4 6 E E Al -3 143 T2 BT1 -5 286
2 4 6 E E AP 7 195 1o T2 -0 1287
2 4 6 E E E 148 429 E al -3 \a30
2 4 6 T2 E TI -7 143 E a2 25 546
2 4 6 T2 E AT2 77 2680 £ E 11 1265
2 4 6 T2 E BT2 7 124 AT1 T 29 1144
3 4 3 T1 E T1 -5 154 BTI 1 5 8po8
3 4 3 T1 E T2 -1 154 AT1 AT2 s 143
3 4 3 T2 E TI t 154 BT1 AT2 11 364
3 4 3 T2 E T2 =35 198 BT1 BT2 -81 1820
3 4 a A2 E E 4 77
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3 HAMILTONIAN REP =
REP! REPZ REP3 NUM¥x2

T2
T2

AT2

BT2
BT2
Al
A2
E
E
T
T
Ti
Ti
AT2
AT2
BT2
ATZ2
AT2
BT2
BT2
AZ
E
E
ATH
AT1
BT1
BTl
ATY
BT}
BT!
AT2
ATZ
BTZ2
AT2
at2
BT2
BT2

MEMHEaMEommHEOOEMMI MNP mm

AT2
BTZ
AR
E
AT1
BT1
AT}
BT1
AT2
AT2
BTZ
AT
BTI
ATZ2
BT2
E

E -

Al
A2
E
Tl
AT2
BTZ
Ti
TH
ATR2
BT2
AT2
BTE
E
E
A2
E
AT
BTI
ATZ2
BTZ2
ATL
BT1
BT1
AT2
BT2
AT2
BT2
E
Az
E
AT}
BT1
AT}
BT1
AT2
ATEZ
BT2
ATY
BT1
BT1
AT2
BT2
ATR2
BT2

7 HAMILTONIAN
REPI REPZ

Al
T1
T1

[

LR RN N R RN O]

REP3
E
AT
BT1
TR
T
AT
BTR
ATY
BT
AT2

1

7
-16
=49
=131
-49
-49
3¢9
-1
-285
e
358
-3a
-288
-7
-135
121
~135
-121
-28
247
1958
181
- 1858
-181
18798
7

7
246
-2
-22
-128
a27
49
25
~2%8

-9
~158
-184
3a7
-7
-7
243
35
34
~%8
-132
233
233
118
-243
1S
568
243
-75
~568
-121
-175
-175
-95

REP =
NUMex2

33
45

E
DEN##2
144184
1040
£545
1547
8189
1326
24310
1547
2431
18634
2389
8499
1547
14297
348
4862
9882
w862
9282
51851
13135
272272
5531
272272
5531
445416
3536
3536
12301
221
69615
11781
6530
4862
9282
13983
119
12155
13467
12421
6341
68@
15912
7571
3591
3591
6341
10753
9584
9584
11985
18162
235144
23157
18162
235144
23187
14149

46512,
46512,

24833

DEN®% 2

572
12
143

728
728
s2@
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1456
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6 } HAMILTONIAN REP =
REPI REP2 REPJI NUM¥»2

T
E
E

T2
E

T2

T2

T2
E
E
E

T2

T2

B ME PO RO MM D e P Ny g 0D 0 Bt e 1 Dt Tt B Ittt Dt b T B D b O by O a0

B2
Al
E
T

Tt

it
-28
1a
32
-16
-15
~21
-15
4

4
-288
3

33
-3
-1
~11
1)
212
- 148
~11
25

S

=5
-9
18
-15
5
361
9
-48
49
-45
s

5
-81
-81
-5
~-27
185
~363
-375
128
-15

2p9
-12
a7
- 498
137
27
171
-1
16

-224

E
DEN*#%2
568
429
429
429
1841
572
572
1891
7185
91
50095
5885
728
3648
as
910
416
18393
1951
2240
286
286
286
286
529
ze82
286
6806
286
1981
1144
8008
2ge2
11as
gges
10,11
opp2
8598
9182
5824
8008
sp46
5824
1547
11273
7735
23955
8787
8526
24752
6256
238
1287
1287
6435
4g9e
1438
1438
4290
429
1365
2288
114a¢
8582
2288
1840
2e82p
9091
s882
9282
519851
3625
24207
14144
13953
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3 HAMILTONIAN REP =
REP! REP2

T2
T2
Al
E
E
T
T1
Ti
T1
T2
T2
T2
T2
E
AT
AT)
BTI
BT1
AT1
BT!
T2
T2
T2
E
E
AT)
BT1
AT]
ATl
BT1
BT1
T2
T2
T2
E
E
AT}
ATl
BTI
BT1
ATY
ATl
BT1
BTI
T2
T2
T2
T2
Al

T1
Tl
T1
AT2
BT2
AT2
AT2
BT2
BT2

A2

T4
T
T
T1
AT2
AT2
BT2
BT2
AT2
AT2
BT2
BT2
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REP3 NUM*%x2
AT2  -232
BT2 -28

E -a9
A2 ~128
E -227
AT) 21
BT 49
AT2 ~184
BT2 -3
ATY -18
BT1 -35
AT2 222
BT2’ -1
E -285
ATl T8
BTl -9
AT -9
BT1 205
T2 -25
T2 -567.
ATl 25
BTI1 567
TR 126
Al 19
Az -2
Tl 486
T1 -137
AT2 116
BT2 318
AT2 33
BT2 15
Tl g
AT2 =51
BT2 -15
A2 -9
E 49
ATY 6615
BTl -123
AT] 119
BT1 -118
AT2 -174
BT2 172
AT2 135
BT2 =97
AT]1 185
BTI1 -45
AT2 -62
BT2 1
E 864
Al 864
E -2069
T1 -252
AT2 209
BT -131
T1 -209
T1 131
AT2 148
BT2 -92
ATZ =92
BTZ2 131
E -17
E -77
A2 ~-285

AT} -2283
BT} 317
AT2 45
BT2 35
AT} -650
BT1 7623
AT} 1989
BT 128
AT2 -203
BT2 7
AT2 31
BT2 296

E
DEN*#2
8065
6845
1989
11781
6530
9724
884
15287
544
77792
21479
22275
952
3708
2431
4862
4862
4944
19448
97248
19428
97240
12158
243}
221
272272
3625
12459
21479
3536
3536
2431
2288
3536
3553
8398
277134
25229
21736
26965
8890185
4571
19283
11865
13189
1199
19479
20672
277134
277134
18774
277134
5898
16764
5090
16764
9811
29433
29433
19058
1235
4199
14761
767306
17546
13648
16336
227892
403104
87184p
14891
15655
5168
18366
11837
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5 HAMILTONIAN REP = E

REP! REP2 REP3 NUM#%2

A2
E

E
AT]
AT}
BT1
BTI
AT1
ATl
BT1
AT2
AT2
BT2
AT2
AT2
BT2
BTE

MO MM MmN et

E
A2
E
AT}
BT1
AT1
BT1
AT2
BT2
AT2
AT]
BTI
ATl
AT2
BT2
AT2
BT2

i HAMILTONIAN
REP]1 REP2 REP3

Al
T
Tl
T1
T1
T1
T1
E
T2
T2
E
E
T2
E
E
T2
T2
T2
Az
Ti
Ti
T1
T2
Te
Az
T1
T1
T
T2
T2
T2
T2

T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2
T2

T2
T1
E
T2
AR
T1
T2
T2
E
T2
T1
T2
T1
T1
T2
Al
E
T2
T1
AZ
T
T2
T
T2
T1
E
T
T2
Al
E
Ti
T2
AT]
BTI
E
AT}
BTI

DEN#%2

56 4845

56 aB 45

153 7822

287 19927

3 83989

3 83980

-151 18293

-1125 369512

=121 12929

~65 laas)

1125 369512

65 1444)

121 12920

~35 739824

63 258 490

63 25849

~296 7641
REP = T2

NUM#*%2 DEN# %2

3 5

3 5

2 5

1 5

1 7

-6 35

-2 1

-6 35

6 35

@ 35

3 7

-3 14

12 35

1 6

~1 14

~2 45

8 63

4 21

~1 L

-1 7

-3 284

-1 S6

1 56

15 56

-1 15

1 T

-1 8

-1 56

-1 9

1 315

-3 a9

-7 120

1 154

-9 e

1 22

15 388

3 44

1 11

-9 11e

-85 308

9 224

3 55

-1 33

-1 55

~11 1885

1 55

7 440

-49 440

1 33

11 195

49 a40

~169 3080

-8 99

1 22
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3 HAMILTONIAN REP = T2

REP! REP2 REP3 NWMsx2

T2
a3
Al
AZ

AT2
BT2
BT2

T2

BTE
ATR2
BT2
T1
Ty
AT2
BT2
A2
E
T
AT2
BT2
al
Al

BT2

ATL
BTJ
AT)
BT!
ATZ2
BTZ
AT2
BT2
ATl
BT1
ATL
BT
AT2
BT2

AZ

A2

AT
BT
AT1
BT1
AT2
BT2
AT2
BT2

ATl
BT}
AT
BT1
AT2
BT2
AT2
BT2

-3
~75
-3

3

-3
~33
3

-3

3
439
-1té
-245
7%

3

33
-3
~116
24s
-88
329
- 329
-23
-1
11
11
75

5
212
- 148
-11

~11
-11

81
-11

33
-3

33
-99
-3
-21
=33
=152

=27

297
-473
=165

27

-27

11

297
~473
~1g85

-18

-18

~4p5
=13
123
~al1t
165
-27
485
~1g3

411
~105
160
168
419

DEN*¥ 2
12
11a4
Se#
91
5@e%5
728
3649
91
5005
3379
15291
9827
1144
See
728
364p
15291
9827
19227
7838
7838
27961
41608
320
416
2912
416
19393
1951
2240
195
1365
138
S1g
7888
568
728
3640
208
1456
1040
728¢
1664
896
2217
a48¢
686
4768
88 40
13250
6188
238¢
688
4769
884¢
1325¢
226384
2e859
22859
1831
452608
22859
17662
4985
6188
2388
452688
17682
22859
4985
985216
4543
4543
27246
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2 3

REP1 REP2
E T2

E T2
TL T2
Ti T2
T3 T2
! T2
T2 T2
T2 T2
T2 T2
T2 T2
Al T2
At T2
E T2

E T2

E T2
TL T2
T T2
. T2
T T2
T2 T2
T2 T2
T2 T2
E T2

E T2

E T2
ATL T2
BT1 T2
AT1 T2
aTl T2
BT1 T2
BT} T2
AT} T2
BY1 T2
T2 T2
T2 T2
T2 T2
T2 T2
E T2

E T2

E T2
ATl T2
BT1 T2
ATl T2
BT T2
AT T2
BTL T2
ATH T2
ATS T2
BT1 T2
BT1 T2
T2 T2
T2 T2
T2 T2
T2 T2
T2 T2
E T2

£ T2

E T2

E T2
ATY T2
BTS T2
AT) T2
BTA T2
AT} T2
AT} T2
BT1 T2
BT} T2
ATS T2
AT} T2
BTJ T2
BTI T2
T2 T2
T2 T2
T2 T2
T2 T2

HAMILTONIAN REP = T2

REPJ NUM#x2
7

BT!
T2
E
ATL
BT
T2
E
ATL
BT!
T2
AT2
BT2
Ti
AT2
BTZ2
a2
E
!
AT2
Al
T
AT2
ATS
BTI
T2
E
E
AT)
BT1
AT}
BTI
T2
T2
E
ATl
BT
T2
Ti
AT2
BT2

ATZ2
BT2

AT
BT1
AT2

-id
-1
-7

-39
~18

-99

54
-27

15

DEN#x2
110
295
330

aa
220
85
110
A4
200
165
792
104
143
4688
184
195
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K= 4 3 HAMILTONIAN REP = T2 K= 4 3 HAMILTONIAN REF = T2
1 J2 J3 REPl REP2 REP3 NUM*%2  DEN#*2 J1  J2 J3 REP] REP2 REP3 NUM#%2  DEN¥#2
2 a 4 A T2 T2 -1 3 3 4 1 TY T2 AT2 1 2288
1 a 3 T T2 AP 1 7 3 a 7 T1 T2 BT2 -1 16
1 a 3 TL T2 Tt 5 168 3 4 7 T2 T2 E 3 65
1 4 3 1 T2 T2 -9 56 3 4 7 T2 T2 AT 63 5726
1 a 4 TI T2 E 1 15 3 4 7 T2 T2 BT! -27 s28
1 4 4 L T2 T) -7 120 2 a 7 T2 T2 AT2 3 11448
1 4 4 T1I T2 T2 5 24 3 4 7 T2 T2 BTZ -3 ae
1 4 5 1 T2 E 7 55 a 4 4 Al T2 TR 13 198
1 4 s T4 T2 ATl -1 66 4 4 a E T2 Tt 15 286
1 4 s T1 T2 BT! 21 110 4 4 a E T2 T2 -118 17009
2 4 2 E T2 T2 -1 ta 4 4 4 T T2 E =15 286
2 4 2 T2 T2 E I 14 4 4 4 T T2 Tl -35 429
2 4 2 T2 T2 T2 4 23 4 4 a T2 T2 Al -12 198
2 4 3 E T2 T -1 7 a 4 4 T2 T2 E 118 17699
2 4 3 E Te T2 4 35 4 4 4 T2 T2 T2 5 3083
2 4 3 T2 T2 Tl -1 56 a 4 5 Al T2 T2 t 429
2 4 3 T2 T2 T2 7 120 4 a 5 E T2 ATl -4 4p9
2 4 a E T2 T! -1 5% a 4 s E T2 T2 35 429
2 4 4 E T2 T2 113 1155 4 a s TI T2 E 5 143
2 4 4 T2 T2 Al 1 33 4 a 5 TI T2 ATl 7 13728
2 4 4 T2 T2 E 11 185 4 4 5 T8 T2 BTl =138 4576
2 4 4 T2 T2 T 49 448 4 4 5 T T2 T2 -5 286
2 4 4 T2 T2 TR 169 3988 4 4 5 T2 T2 ATl =391 2963
2 4 5 E T2 ATl 1 22 4 4 5 T2 T2 BTI ~185 4576
2 4 5 E T2 BTl -7 118 4 4 6 Al T2 AT2 5 858
2 4 5 E T2 T2 -7 118 4 4 6 Al T2 BT2 1 78
2 4 s T2 T2 E 7 110 4 4 6 E T2 T 21 715
2 4 s T2 T2 AT} -1 aa 4 4 6 E T2 AT2 -7 858
2 4 s T2 T2 BTI -7 228 4 4 6 E T2 BT2 -7 398
2 4 s T2 T2 T2 -7 165 4 4 6 T1 T2 a2 -1 26
2 a 6 E T2 T! 7 143 4 4 6 T T2 E -9 1430
2 4 6 E T2 AT2 -56 718 4 4 6 1T T2 Tl -3 la3@
2 4 6 T2 T2 Al 8 143 4 4 6 T1 T2 AT2 11 832
2 4 6 ™ T2 0TI 1a 143 4 4 6 T1 T2 BTR -49 4160
2 4 6 T2 T2 AT2 -112 2145 4 a 6 T2 T2 Al -5 858
3 4 3 A2 T2 TL -1 152 4 4 6 T2 Te E 343 4299
3 a 3 TY T2 AR -1 154 a 4 6 T2 T2 AT2 175 9152
3 4 3 1 T2 Tt -1s 77 4 4 6 T2 T2 BT2 343 4160
3 4 3 T1 T2 T2 4 77 4 4 7 Al T2 AT2 -289 6864
3 4 3 T2 T2 T 4 77 4 4 7 at T2 BT2 1 a8
3 4 3 T2 T2 T2 -5 231 4 4 7 E T2 AT} 98 2145
3 4 4 AZ T2 Ti 1 22 4 4 7 E T2 aTz -i29 12067
3 a 4 TY T2 E 169 2310 4 4 7 E T2 BT2 -7 246
3 4 4 T T2 0TI -4 165 4 4 7 TL T2 A2 -2 165
3 4 4 T T2 T2 s 231 L} 4 7 TI T2 E 8 195
3 4 4 T2 T2 Al -5 66 a 4 7 T1 T2 AT) -3s5 1716
3 4 4 T2 T2 E 1 462 4 4 7 T4 T2 BT -9 260
3 4 4 T2 T2 T -1 11 4 4 7 TL T2 ATR 32 715
3 4 s A2 T2 AT -go 9@t 4 4 7 T2 T2 AT) 49 8588
3 4 5 A2 T2 BTI1 -4 143 4 4 7 T2 T2 BTl -7 260
3 4 s T1 T2 E ! 715 s 4 5 E T2 ATl -7 286
3 4 5 TY T2 AT} 166 6133 s 4 5 E T2 BT -5 286
3 4 5 T1 T2 BTI -33 2080 5 3 s E T2 T2 5 286
3 4 5 Y T2 T2 5 286 5 4 5 AT T2 E -7 286
3 4 H T2 T2 E 4 143 s a 5 BT T2 E -5 286
3 4 5 T2 T2 AT} -55 2912 5 4 s ATl T2 AT} 15 572
3 4 5 T2 T2 BTIL 1 4576 5 4 s AT T& BTL -21 572
3 4 5 T2 T2 T2 -5p 429 5 4 5 BTI T2 AT1 -21 572
3 4 6 a2 T2 0TI 1 143 S 4 5 BT T2 BTI -15 572
3 4 6 T1 T2 A2 1 26 s 4 5 ATI T2 T2 7 572
3 4 6 ™ T2 E 5 286 5 4 5 BTI T2 T2 -5 572
3 4 6 TL T2 TI -15 286 5 4 5 T2 T2 E -5 286
3 4 6 TIL T2 ATz -387 7783 5 4 5 T2 T2 AT ~7 572
3 4 [ T1 T2 BT2 45 832 5 4 5 T2 T2 BT! 5 s72
3 4 6 T2 T2 Al -7 286 5 a [ T2 T2 T2 -20 429
3 4 6 T2 T2 E -9 286 s 4 6 E T2 Ti 32 143
3 4 6 T2 T2 TI -2 143 s 4 6 E T2 AT2 -1 364
3 4 6 T2 T2 AT2 -55 2496 s 4 [ E T2 BT2 81 1828
3 4 [ T2 T2 BTZ -27 832 s 4 6 ATl T2 A2 5 288
3 4 7 a2 T2 AT 7 715 5 4 6 BT1 T2 A2 ~1 1456
3 4 7 Az T2 BTI -2 65 [ 4 6 ATY T2 E 25 2288
3 4 7 TI T2 A2 1 33 5 4 6 BT1 T2 E -17 1348
3 4 7 Tl T2 E -1 39 5 4 6 AT T2 T) 3 2288
3 4 7 TI T2 AT} 7 3432 5 4 6 BTI T2 Tl -3 seopse
3 a 7 T T2 BTI -1 184 5 4 6 AT1 T2 AT2 s 183084
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4 3 HAMILTONIAN REP = T2

REP1 REP2
AT} T2
BT1 T2
BT! T2

T2 T2
T2 T2
T2 T2
T2 T2
T2 T2
E T2
E T2
E T2
E T2

ATl T2
BTI T2
ATl T2
BT1 T2
ATL T2
AT1 T2
BT1 T2
BTl T2
ATl T2
ATl T2
BTI T2
BT1 T2

T2 T2
T2 T2
T2 T2
T2 T2
T2 T2
Al T2
al T2
A2 T2

E T2

E T2
E T2
Tl T2
Tl T2
TL T2
T T2
T1 T2

AT2 T2
BT2 T2
AT2 T2
BT2 T2
AT2 T2
BT2 T2
AT2 T2
AT2 T2
BT2 T2
BT2 T2
Al T2
al T2

A2 T2
A2 T2
E T2
E T2
£ T2
E T2
Tl T2
T T2
T3 T2
Ti T2
T T2
T T2

AT2 T2
BT2 T2
AT2 T2
AT2 T2
BT2 T2
BT2 T2
AT2 T2
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A2 T2

REP3 NUM**x2
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AT2
BT2
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E
T1
AT2
BT2
AT}
BT1
ATZ2
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A2
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E
E
ATl
BTl
ATl
BT1
AT2
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AT2
BT2
E
AT]
BT!
ATZ2
BT2
AT2
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T1
T1
AT2
BT2
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T1
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BT2
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T1

T
AT2
BTZ2
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BTZ
AT1
BT)
AT}
BT1
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BT2

AT1
BT1!
AT2
BT2

AT)
BT1
AT}
BT1
AT2
BT2
AT2
BT2
ATI1

9
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-a65
-5
-9
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275
- 158
- 358
-39
2e5
9
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265
1
~-21
~-124
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213
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83

-37

-355

-38
27081
206
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“45
-1
-196
-17
-185
232
28
17
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136
11
45

196
-232
-~28
-11
45
915
-54
S4
=93
152

-9
97
-18
-35
224

-75
© =3
239
177
-51
175
~-158
-184
-299

- 49
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194
-189
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5125)2
18412
572
29020
4004
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8499
1547
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53¢4
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5962
465929
8513
3ea7
1648
23736
1547
388942
15721
18555
182784
155584
6845
728
13953
8P65
6845
728
139853
12343
1547
1547
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6845
80665
6845
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1547
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4955
136
17680
3893
77792
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3 HAMILTONIAN REP = T2

REPI REP2 REP3
Az T2 BTI
E T2 ATI

E T2 BTI

E Te AT2

E T2 BT2
ATI T2 A2
BT T2 A2
aT1 T2 E
BT1 T2 E
AT] T2 ATI
ATI T2 BT!
BTI T2 ATI
BTI T2 BTl
ATL T2 AT2
ATI T2 BT2
BTL T2 AT2
BTL T2 BT2
AT2 T2 E
BT2 T2 E
aT2 T2 AT1
AT2 T2 BT}
BT2 T2 AT!
BT2 T2 BTI
AT2 T2 AT2
AT2 T2 BT2
BT2 T2 AT2
BT2 T2 BT2
3 HAMILTONIAN
REP] REP2 REP3
Al AT2 AT2
Al BT2 BT2
TL AT2 E
TL AT2 ATl
TI AT2 BTl
TI BT2 ATl
TI BT2 BTI
TI AT2 T2
T1 BT2 T2
T1 AT2 A2
TI BT2 A2
T1 AT2 E
T1 BT2 E
TL AT2 T)
71 BT2 T1
Tl AT2 AT2
TI AT2 BT2
T1 BT2 ATE
Tl BT2 BT2
T AT2 A2
TI BT2 A2
TI AT2 _ E
T1 BT2 E
T1 AT2 AT!
T1L AT2 BTI
T1 BT2 ATl
T1 BT2 BTI
T1 AT2 AT2
T1 AT2 BT2
Tl BT2 AT2
TL BT2 BT2
E AaT2 TI

E BT2 T

E AT2 T2
T2 AT2 Al
T2 BT2 Al
T2 AT2 E
T2 BT2 E
T2 AT2 11
T2 AT2 T2
E AT2 ATl

E AT2 BTI

E BT2 BTI

E AT2 T2

NUM**2
54

257
338
-75
568
=191
54

257
335

DEN#*%2
6259
23449
28654
235144
23157
14746
6259
23449
28654
4866
1074944
19749 44
PB11S
11693
5168
7694
6783
235144
23157
11693
7694
5168
6783
2622738
1827824
182784
5197

468€

2145
143
5005

$085
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3 HAMILTONIAN REP = T2

REP! REP2 REP3 NUM*»2

T2
T2
T2
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AT2
BT2
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AT2
BT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
AT2
BT2
BT2
AT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
AT2
BT2
BT2
AT2
AT2
BT2
BT2
AT2
AT2
ATE
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
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BTZ2
AT2
BT2
AT2
AT2
BT2
AT2
AT2
AT2
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BT2
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E
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BTI
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AT)
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E
E
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BT!
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-3
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3
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245
~88
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23
1
~33
3
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9
~-33
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1
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9%
3
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3

8
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i5
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-13
45
13
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-33
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422
-45
45

-11
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S885
91
18304
398%
lé6a
11648
160160
2912
1691
455
1801
455
1144
5268
728
3649
15291
9827
18227
70638
7938
27061
26
728
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140
728
3640
288
1456
1640
7289
1664
896
2217
4482
143
143
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832
784
832
704
832
4383
832
3083
91
143
9522
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7783
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2574
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15291
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2p92
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6 3 HAMILTONIAN REP =
REP2 REP3 NUM*%2

REP1
T2
T2
T2
T2
T2

AT2
BT2
BT2
AT2
BT2
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BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
AT2
BT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
ATZ2
BT2
BT2
AT2
AT2
BT2
BT2
ATZ2
BT2
AT2
AT2
BT2
BT2
AT2
AT2
BT2
BT2
AT2
BT2
ATZ2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
BT2
AT2
AT2
BT2

BTI
ATS
BTI1
T2
T2
T
T1
A2
A2
E

E
Tl
T1
AT2
BT2
AT2
BT2
Al
Al
E

E
T1
T1
BT2
AT2
AT}
BT1
BT1
A2
A2
E

E
AT]
BT)
AT!
BT!
aT2
BT2
AT2
BT2

AT}
BTI
ATl
eBTI
ATZ2
BT2
AT2
BT2
T2
T2
T1
T1
T2
T2

T1

T2
T2
Al
Al

T1
T1
T2
T2
T2
T2
AT}
BT1
BT1

166
45
-9

-15

-27

243

=15
21

165

105

~-363
-45
-9
-1e7
135
-135
-33
147
-15
-125
15
631
15
-9
9
-125
-15
-33
21
-332
-21
~-361

187

-299
70

154

-1
143
159
185
-15
-33
115
252
=76
-373
321
-73
5358
231

-479

~-11
81

139

T2
DEN# %2
9453
g§32
5824
16016
1456
8ees
128
832
Sg24
9152
5824
4004
364
12659
131648
11648
11548
9152
832
S@aé
5824
14972
1456
182
182
243t
6188
6188
2992
8707
3536
g@11
13882
5608
11991
7879
26798
26798
9479
26948
6188
6188
18348
5657
13225
s624
18837
6571
14311
69632
gsg
78
143
65
§58
390
143
65
104
4168
832
atee
858
18
858
390
832
43160
9152
4168
6826
208
143
364
1820
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: HAMILTONIAY REP = T2

REP1
E
E

T1
T1
1
71
Ti
Tl
Ti
Ti
-T2
T2
T2
T2
T2
TZ
T2
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AT2
BT2
ATZ
BT2
ATZ
ATE2
BT2
BT2
AT2
BTE
AT2
BTZ
AT2
ATZ
BT2
BY2
AT2
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BTZ
BT2
AT2
BTZ
ATE
AT2
BTZ2
BT2
AT2
BT2
AT2
BTEZ
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BT2
AT2
BTZ2
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BT2
AT2
BT2
AT2
BT2
ATZ
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BTS2
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BT2
BTZ2
AT2
AT2
BT2
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ATZ2
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BTZ2
AT2
BT2
ATZ
BT2
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AT2
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AT2
ATZ

BTZ

BT
ATZ2
BT2
ATZ
ATZ
BT2
BT

REP3
T2
T2

E
E
aTH

BT}

AT}

BTI
T2
T2

E
E

AT]

BTL

ATI

BT1
T2
T2

AT2

BT2

AT2

BT2
T
T

ATE

BT2

ATZ

BT2
A2
A2

E
E
T1
Ti

BT2

ATZ
al
Al

E
E
Tl
Ti

ATE

BT2

AT2

BT2

ATZ

BTZ

aT2

BT2

ATI

BT1

BT

ATZ

BT2

AT2

BT2
AZ
A2

E
E

ATL

BT1

ATI

BT!

AT2

BT2

AT2

BT2

E

E
AT1
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179 1geel
3 3536
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1pss 278278
181 5531

~18798 445416
-7 3836
-7 3536

- 246 12381
88 2496
a3 t4tas

=71 4287
-15 lalaa
208 22411
45 3536
27 442
27 £842
H 155584
196 6BAS
-232 8865
-28 68 45
=11 1547
-45 1547

-915 19922
84 396832
54 396832

=83 12481
25 19448

i 136

5 15918

55 1224
-3 12188
-158 13467
-184 1242}
347 6341
-7 688
-T 15932
243 7571
~9 14568

1 24848

-313 7591

11 31884
O@B. 4489403
1¢ 11991
431 6208
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158 13467
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BT2
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ATZ
BT2
ATZ
AT2
BT2
BT2
aTe
aTt2
BTZ2
BT2
aTe
BT2
ATE
BT2
ATZ
BT2
aTz
AT2
BT2
BT2
aTz
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aT2
BT2
aT2
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ATZ
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aTe
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aT2
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aTz
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ATY
BTJ
BTI
T2
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E
£
E
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ATY
BTL
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BT
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BT1
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T
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BT1
T2
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BT2
AT2
BTZ2
ATZ
BT2
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BTS
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BT}
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BTZ
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AR
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1e9
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-1¢
-63
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~-63
-1
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HAMILTONIAN REP = T2

DEN¥2
6620
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16993
2431
4862
2pig
4862
221p
2431
4862
2218
6633
16627
226384
13228
16627
7611
13225
22859
22411
14144
155584
79720
4862
2210
20411
155584
lalas
79726
28746
5779
age2
a42
221
221
1984
12381
3536
3836
12459
21479
3536
3536
11330
7616
11968
18144
1639
15065742
1585742
540%
18318
129254
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22859
71792
3536
2288
3536
155584
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1768
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5334
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6468
18796
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6418
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3 HAMILTONIAN REP = T2

REPI REPZ

AT]
BTl
BTI
ATL
AT1
AT1
ATL
BT1
BT
BT}
BTI
AT
AT]
AT
AT1
BT}
BTI1
BTl

BT2
AT2
BT2
aT2
AT2
BT2
BT2
Are
AT2
BY2
BT2
AT
AT2
BT2
BTZ2
ATe
ATZ
BT2
BT2
AT2
BT2
AT2
AT2
BT2
BT2
ATE
AT2
BT2
BT2
aT2
AT2
BT2
BTz
ATZ
BYTZ
ATZ
BT2
AT2
ATE
BT2
BT2
aTe
BT2
AT2
BT2
AT2
BT2
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BT2
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BTZ2
AT2
BT2
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BTZ2
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BTZ
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BTZ2
BT2
ATZ
AT2
BTR2
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REP3 NUM»%x2
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E -63

E -891
AT! =-1567
BTl -3581
ATS 379
BT1 88
AT} ~-124
BT ~ 145
AT -33
BT1 113
AT ~58
BTZ2 136
AT2 36
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AT2 61
BT2 1513
AT 19
BT2 -7
E R64

E =131
ATl 13
BT! -251
AT] 567
BTI 125
ATE 52
BT2  -203
AT2 ~45
BT2  -13%
ATZ £5
BTZ2 -118
AT2  -118
BT2 -33
T -21
T2 131
T 209
TY =131
ATZ2 ~148
BT2 92
AT2 9z
BT2  -131
A2 21
AZ - 131
E ~2@9

E 131
Ti -7
T1 291
BT2 -92
ATZ -2
Al -65
Al 118
al 118
Al 33
E 148

E -52

E 92

E 131
T 92
Tt 92
ate 38
BT2  -819
AT2  -B1%
BT2 329
aT2 819
BYZ ~329
AT2  -329
BT2 684
AT2 - 186
BT2 -49
AT2 ~195
BT2 °8
AT} =63
BT)L  ~128
AT1  ~297
BTI 7623
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5633
25189
4B31P4
1531718
1272806
1341246
12115
26169
28453
7831
5187
13763
14837
18518
11458
15216
5207364
6869
5187
26278
5334
1333
9177242
1874943
4237
1249
8528
19184
14216
8331
5393
5383
33592
67184
7628
509¢
16764
9811
29433
29433
19959
£7184
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509¢
16764
1513¢
7345
29433
29433
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5393
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33592
991}
29433
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1323p08
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13478
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16504
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3 HAMILTONIAN REP = T2

REP! REP2
E AT2

E ATZ2

E BTZ

E BTZ

E AT2

E AT2

E BT2

E BT2
Ti ATZ
T1 BT2
Tl ATZ2
T1 BT2
T1 AT2
T4 AT2
Tl BT2
Ti BT2
T1 AT2
Tl AT2
Ti BTZ
Tl BT2
AT2 BT2
BTZ2 ATZ
AT2 AT2
AT2 AT2
ATZ BT2
aTZ2  BT2
BTZ2 AT2
BT2 AT2
BTZ BTZ
BTZ2 BT2
AT2 BTZ
AT2 BTZ
BT2 AT2
BT2 - AT2
A2 ATZ
A2 AT2
A2 BT2
A2 BTZ
E AT2

E AT2

E BT2

E BTg

E ATZ

E BTZ2
AT1 ATZ2
ATI BT2
BT1 AT2
BTi1 BTZ
AT ATZ2
AT1 BT2
BT1 AT2
BT1 BT2
AT1 AT2
ATt aT2
ATI BT2
ATl BT2
BT1 ATE
BTI ATE
BTI BT2
BT1 BT2
ATI AT2
AT1 aTe
ATl BT2
ATl BT2
BTI ATZ
BT1  AT2
BT1 BT2
BT1 BT2
AT2 ATZ
AT2 BT2
AT2 ATZ
AT2 AT2
AT2 BT2
AT2 BT2
BTZ2 ATZ

REP3 NUMx#2
ATl -658
BT} 7623
AT1 1g89
BT1 128
AT2 -203
BTZ 7
AT2 31
BT2 296

A2 «133
A2 -82
E 178

E ~161
ATl -23
BT1 91
ATL -39
BTI -95
ATZ 185
BTR 261
ATZ 157
BT2 -311
E 231

E -231
AT} 427
BT) 3iS
AT) 243
BTY 693
AT) -243
BT} ~693
ATE - 389
BT1 364
AT2 =563
BT2 231
AT2 -63
BT2 231
ATY =75
BT1 -7
ATL -115
BTl -77
AT1 75
BTy 77
AT} -143
BTL 847
AT2 42
ATZ2 151
A2 -75
AZ -118
AZ -7
A2 -77
E 15

E - 143

E 77

E 847
AT1 ~4532
BT 414
aTi 318
BTI1 11
ATl Ala
BT} 151
ATY 11
BT1 257
ATZ2 -152
BT2 «81
ATZ2 354
BT2 196
ATZ 962
BT2 138
ATZ ~68
BT2 -32
E ~42

E ~-181
ATl 152
BTI -1062
AT) 354
BT1 ~&8
ATL g1

DEN¥%2
227392
4¢3184
671848
14891
15655
5168
18366
11237
8978

[ 93:301
291552
26814
13951
41344
2p672p
14891
6888
25488
10934
7358
8398
8398
8839
113401
gg62e8
826208
BE6208
gg62e8
7928
21387
493184
18336
493104
18336
14212
1292
18419
5468
16798
16796
1938¢
8398¢
4199
6862
14212
18419
1292
6462
16796
19388
16796
S3988
166174
12991
11875278
13e05
12991
18179
13085
9468
26629
5292831
7793258
12399
1449835
14651
2998%
13329
4199
6862
26209
1449835
7193258
29889
5292831
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REP1 REP2

BT2
BT2
BY2
ATE2
AT2
AT2
AT2
BT2

AT2
BT2
BT2
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AT2
BT2
BT2
AT2

REPJ3 NUM»x»2

BTL
AT)
BT1
AT2
BT2
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BT2
AT2
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-32
111
191
1811
205
191
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3 HAMILTONIAN REP = T1

REP1
Al
T
Ti
Ti

E
T2
T2

E

E
T2
T2
T2
Az
T
Ti
T2
T2
T2
A2
T}
T1
Tt
Ti
T2
T2
T2
Al

E

E
Tl
T1
Ti
Tt
T2
T2
T2
Al
Al

E

E

E
Tt
Ti
Ti
T!
T2
T2
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E
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ATH
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BTI
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T2
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BTI
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BTI
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AT1
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T
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ATY

AT1

AT
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BT2
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2
3
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1
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1
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1 5 HAMILTONIAN REP =
REP!{ REP2 REF3 NUMk*2

T2
T2
T2
Al
A2
A2

BTZ

BTL
AT}
ATl
BT
BT1
AT]
AT
BT1
BT}
ATZ
BT2
ATZ
BT2
AT2
AT2
BTS2
BT2
AT2
AT2
BT2
BT2

Ti
Ti
T1
Ti
T1
Tl
T
T1
A
T
T1
T1
T
Ti
T
Tl
Tl
T1
T1
Tl
T1
T1
T
T1
Ti
Ti
T1
T1
Tl

Ti
AT2
BT2

T
AT2
BT2

T
AT2
BT2

al

E

T1
ATES
BT2

Az

AR

AT2
BT2

E
AT1
BTY
AT2
BT2

AT}
BT!
AT
BT!
ATEZ
BT2
AT
BT2
AT2
BT2
BTH
AT2
BT2

ATl
BT1
AT)
BT!
ATZ
BT2
ATZ
BT2

AZ

a2

ATl
BT)
ATl
BT1
ATE2
BT2
AT2
BT2

-49
-33
45
it
~33
-3
297

-33
-3
-11
-33
13
-3
99
297
278
-9
%9
- 349
-9
13
338
-2
11
-39
-2
35
297
297
-133
135
496
199
~97
~13
«33
~i1

~135
-199
- 406
97
~ 494
87
87
-59
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DEN* %2
572
416
416
13
728
728
91
728
728
13
%1
364
2812
291z
728
728
728
728
2912
2912
2925
2g284
28284
232356
528
529
1456
11z
520
3648
1456
5682
455
520
3648
7288
560
56
848
728
840
832
5824
4168
95282
11648
896
3493
4489
1689
560
3s
1682
568
3%
3320
5128
5128
2578
2048
L9691
te717
6683
1680
862
1680
5460
2848
18717
9691
6663
5355
9691
3691
11762
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